
DUXBURY 

.. 


, " 'j 

SEC OND" E
",' 

" D
,c:.

';l.:rf~j
.",
';

,' 
N 
.."~ .',' ", ~ 

'~."\\1,';;;; 

. _. . 

DavidK. ' Hild'bFind~~: ~~,:~~;" 
- , , ": ..~:,;~" .:' .,:' ... :.. ,.~':(~.~. /:.." 

lllB ofWh,l11JoSthoo,Un_ltTot""",,,,., 
, :. "'. . .'," "~-:: _ ' . " ,' J:['/.'-

R. Lyman Ott 

J. Brian Gray 
UniNsity ofAl.b.ma 

Wdh ClSIS by 

J. Brian Bray 

Lawrence H. Peters 
TexIS ChrlSllan Uni1Blsity 

THOMSON•BROOKS/COLE . 

http:ofAl.b.ma


150 CHAPTER 4 Random Variables and Probability Distributions 

4.4 

joint probability 

joint probability 
distribution 

EXAMPLE 4.9 

a. 	Compute the expected number of mainframes that Hal will sell in one year. 
h. 	Compute the standard deviation of X. 
c. 	Under the "salary plus commission" option, Hal will receive a base salary of $30,000 and 

earn $20,000 in commission from each mainframe sale. Compute Hal's expected annual 
salary and the standard deviation in annual salary. 

d. 	If he takes the "salary only" option, Hal will be paid $52,000 annually. Which of the two 
options would you recommend that he take? Explain your answer. 

4.18 An office supply company currently holds 30% of the market for supplying suburban 
governments. This share has been quite stable and there is no reason to think it will change. 
The company has three bids outstanding, prepared by its standard procedure. Let Y be the 
number of the company's bids that are accepted. 
a. 	Find the probability distribution of Y. 
h. 	 What assumptions did you make in answering part (a)? Are any of the assumptions clearly 

unreasonable? 

4.19 Find the expected value and variance of Y in Exercise 4.18. 

4.20 It could be argued that if the company in Exercise 4.18 loses on the first bid, that sig
nals that a competitor is cutting prices and the company is more likely to lose the other bids 
also. Similarly, if the company wins on the first bid, that signals that competitors are trying to 
improve profit margins and the company is more likely to win the other bids also. If this ar
gument is correct, and the two sides of the argument balance out to a 30% market share for 
the company, will the expected value of Y be increased or decreased compared to the value 
found in Exercise 4.19? Will the variance be increased or decreased? That is, will there be 
more variability in results, or less? 

Joint Probability Distributions 
and Independence 
We have developed some basic language for dealing with one random variable. In 
this section we extend that language to deal with joint probability distributions for 
two random variables, X and Y. We define everything in terms of discrete random 
variables. Those who are tolerably comfortable with calculus should be able to sup
ply the analogues for continuous random variables. 

When we deal with two random variables, X and Y, it is convenient to work with 
joint probabilities. The joint probability of events A and B is the probability of 
both events, peA and B). Let A be the event X = x, and B, the event Y = y. Define 
the joint probability distribution, PXy(x, y) to be a function that supplies the joint 
probability for each pair of values, x and y. 

Suppose that, in the emergency room of a small hospital, the most serious cases in
volve coronary attack and trauma (injury by violence or severe accident). Define 
X = number of coronary cases and Y = number of trauma cases arriving on a par
ticular weekday night. It is assumed that the joint probability distribution PXy(x, y) 
is given by 
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2/84 
4/84 
6/84 

3/84 
6/84 
9/84 

2 

4/84 
8/84 
12/84 
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5/84 
10/84 
15/84 
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Interpret the value 10/84 shown in the table. 

S I) LUTI 0 N The value 10/84 is the joint probability PXy (1, 3), that is, the proba
bility ofX = 1 coronary case and Y = 3 trauma cases on a weekday night. Other prob
abilities in the joint probability distribution table are interpreted in a similar way. 

ig
~s 
ito 

~-
for 

marginal probabilities Once a joint probability distribution has been specified, marginal probabilities 
can be calculated by summation. In Chapter 3, when we dealt with joint probabilities 
like peA and B), peA and not B), and so on, the term marginal probability referred to 
the probability of one event alone, like peA). We calculated marginal probabilities by 
the additive law. Because this section is different only notationally from the basic 
principles of probability, the same principle can be used here. 

~ 
i Find the marginal probability distribution of X and the marginal probability distri

bution of Y in Example 4.9. 

SD LUTI 0 N 
probabilities. 

Sum across rows to get X probabilities and down columns to get Y 

y 

x 0 2 3 Px(x) 

0 2/84 3/84 4/84 5/84 14/84In 
~or 1 4/84 6/84 8/84 10/84 28/84 

2 6/84 9/84 12/84 15/84 42/841m 
Py(y) 12/84 18/84 24/84 30/84 

lth 
of 
ne This idea can be expressed in a formula. To find the probability Px(x), add the 

joint probabilities of that x value and each possible y value:lilt 

Px(x) = L PXy(x, y) 
all y 

In this example 

n P(X = 1) = L PXy (1, y) 
all yne 

If = PXy (1, 0) + PXy (1, 1) + PXy (1, 2) + PXy (1, 3) 
y) 4 6 8 10 28 

=-+-+-+-=
84 84 84 84 84 
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In the same way, the marginal probabilities for Y can be computed as 

Py(y) = I PXy(x, y) 
all x 

In this example 

P(Y = 1) = I PXy(x, 1) 
all x 

= PXy(O, 1) + PXy(1, 1) + Pxy(2, 1) 

3 6 9 18 
=-+-+-=

84 84 84 84 

The idea is simply a translation of the addition principle. * 
A spreadsheet program can do these calculations very easily. For example, sup

pose that an automobile loan company, as part of its credit scoring system, collects 
information on X = number of mortgages held and Y = number of unpaid credit card 
balances outstanding for a randomly chosen applicant. The Excel output in Figure 
4.7 shows how to calculate marginal probabilities and the result. 

equiv 
of! 
indo 

FIGURE 4.7 Excel Calculation of Marginal Probabilities 
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:0 1 
a 0.06 10.11 

x 0.13 0.24 
21i08 

.,=~UM(C3: q5) 

x 1 
2 

0.02 
0.01 
0.06 

0.36 
0.48 
0.16 
1.00 

The "=SUM" formulas calculate the marginal probabilities immediately. 
We can extend basic probability notation to conditional probabilities. Just as we 

defined the conditional probability of B given A as 

P(B IA) = P(A n B) 
P(A) 

conditional distribution we can define the conditional distr.ibution of Y given X = x as 

Py1x(ylx) 

*Now we can explain why we use the apparently redundant notation Px(x), Py(y). If we 
merely wrote P(x) or P(y), we would not know whether P(1) meant P(X = 1) = Px(l) or 
P(Y = 1) = Py(1). 



4.4 Joint Probability Distributions and Independence 153 

equivalent definitions 
of statistical 
independence 

'EXAMPLE 4.11 

Thus for any value of Y, 

P(X = x n Y = y)
P(Y = ylX = x) = ----------'

P(X = x) 


PXy(x, y) 


Px(x) 


The need for this notation arises from the idea of independence. Remember that 
we had two equivalent definitions of independence for events A and B: 

P(B IA) = P(B) 


P(A n B) = P(A)P(B) 


We also have two equivalent definitions of statistical independence for ran
dom variables X and Y: 

P l1x (ylx) = Py(y), for all x, y 


PXy(x, y) = Px(x)Py(y), for all x, y 


We usually use the second form of the independence definition in this text. 

Show that X and Y of Examples 4.9 and 4.10 are independent. 

SOL UTI 0 N In Example 4.10 we found Px(x) and Py(y). When we multiply the 
appropriate Px(x) and Py(y), we get the following table 

y 

x o 2 3 

o (12/84)(14/84) (18/84)(14/84) (24/84)(14/84) (30/84)(14/84) 14/84 
1 (12/84)(28/84) (18/84)(28/84) (24/84)(28/84) (30/84)(28/84) 28/84 
2 (12/84)(42/84) (18/84)(42/84) (24/84)(42/84) (30/84)(42/84) 42/84 

Px(x) 12/84 18/84 24/84 30/84 

When we reduce the fractions in this table, we find that every table entry equals the 
PXy(x, y) entry in Example 4.9. Therefore, PXy(x, y) = Px(x)Py(y) for all x and y; 
that is, X and Y are independent. 

The assumption of independence was built into the mathematical form of this 
particular PXy(x, y). In practice, we often assume that X and Yare independent; once 
we specify Px(x) and Py( y), this assumption lets us calculate PXy(x, y) as the prod
uct Px(x)Py( y). Example 4.9 is one situation in which the independence assumption 
seems reasonable. The number of coronary cases arriving at an emergency room 
should have no relevance to predictions of the number of trauma cases. 


